This paper presents an accurate and efficient computational strategy for the simulation of coupled masonry structures which combines a partitioned mesoscale modelling approach for brick-masonry components with a mortar mesh tying method for non-conforming interfaces. This allows the independent modelling of the individual structural components and the efficient tying of the subdomains with accurate transmission of the displacement and stress fields. This strategy enables the optimisation of the individual meshes leading to an increased computational efficiency. Furthermore, the elimination of the mesh compatibility requirement allows the modelling of complex heterogeneous structures. Some numerical examples, including a comparative analysis on the elastic and non-linear response of an infill masonry bridge and the nonlinear simulation of a multi-leaf wall under in plane and out-of-plane loading, are presented to show the effectiveness of the proposed modelling strategy.
Introduction
The accurate modelling of masonry structural components is important both for the design of new structures and the assessment of existing ones, a large number of which are still in use. In general, unreinforced masonry (URM) presents a complex anisotropic behaviour due to the interaction among the different constitutive components. The mechanical response at structural scale depends on the properties of each constituent and is strongly connected to the mesostructure of the material. As a result, the development of a generic modelling approach which could be applied to arbitrary 3D geometries providing correct failure mode predictions remains a major challenge.
Furthermore, in multiple occasions URM is coupled with other material components forming heterogeneous structures. In these cases, the interaction between the different materials has a significant influence on the failure modes and the final capacity of the masonry components. Some characteristic examples are masonry arches interacting with backfill material, multi-leaf walls or retrofitted wall panels. In such cases, the realistic coupling between the individual structural parts is crucial, especially under extreme loading conditions (earthquakes, blasts etc.) as sliding and/or separation might occur at the interfaces between different components.
In order to obtain an accurate and sufficiently generic representation of 3D masonry structures, a mesoscale model has been developed in the CSM group at Imperial College London [1] . Mesoscale models are able to capture the failure modes of masonry, as each one of the constituents is modelled independently employing appropriate constitutive models. The main drawback of this approach is the large computational cost, which can be addressed by using a domain partitioning method, as shown in previous work [2, 3] .
However, the mesoscale approach for the modelling of masonry renders the direct coupling with different material meshes impractical or in some cases impossible. This is mainly due to i) the rigidity of the realistic mesoscale mesh and ii) the presence of zero thickness joint elements which result in interfaces non-conforming to continuous meshes. In the past, the coupling between mesoscale masonry models and other materials has been treated for specific structural systems by using interface elements, as in [4] , or node-to-node or surface-to-surface unilateral contact elements, as in [5] . This strategy imposes unnecessary requirements for the continuous meshes of the non-masonry components, increasing the computational cost. Furthermore, it is not applicable to more complex heterogeneous structures.
In this paper a novel strategy for the modelling of heterogeneous structures with URM components is presented. The advanced mesoscale approach previously developed is employed for the modelling of the masonry components. Any other material component -e.g. the backfill in masonry bridges -is modelled individually. The resulting -generally non-conforming -interface between the masonry and the adjacent material is treated with i) one layer of zero thickness cohesive interface elements, accounting for the physical behaviour of the interface and ii) a recently developed mesh tying method which rigidly connects the non-matching sides of the interface. A 3D mortar formulation has been employed for the mesh tying, allowing for small and large deformations. In this approach the interface tractions are represented by discretised Lagrange multipliers and the coupling constraint is enforced in a weak continuous sense along the interface. This results in a smooth stress transmission between the connected domains. This computational strategy offers great flexibility in the meshing of the individual parts of a structure, thus offering the possibility to reduce the number of elements of the secondary structural components which results in a significant speed-up of the analysis.
In the following some details about the mesoscale masonry model and the domain partitioning framework are initially provided. The main aspects of the developed mesh tying method are described and the proposed computational strategy is outlined. Finally numerical examples are presented to demonstrate the potential of the approach for the mesoscale modelling of coupled structural systems with non-conforming interfaces.
2 Partitioned mesoscale masonry modelling
Mesoscale masonry model
The mesoscale model used for representing the nonlinear behaviour of URM combines 3D elastic continuum solid elements -for the discretisation of the blocks -with 2D nonlinear interface elements -modelling the mortar and brickmortar interfaces. In addition, the possibility of block failure in tension and shear is taken into account by arranging zero-thickness interface elements in the mid-plane of blocks.
While the 20-noded brick-elements employ a standard linear elastic material model based on Green's strain, the 16-noded interface elements account for both geometric and material nonlinearity, Figure 1 (a). The possibility of large displacements is ensured by using the co-rotational approach [6] . The material nonlinearity is taken into account with a multi-surface elastoplastic constitutive model. In the elastic region the normal stiffness k n and the stiffness in shear k t are decoupled and their individual values are defined as functions of the elastic properties of the joint material and of the joint dimensions. The post-elastic region is governed by a cohesive fracture model, based on two different plastic surfaces: the first surface describes the response in tension and shear and follows a Coulomb slip criterion and the second concerns compressive stress states and accounts for crushing in compression, see Figure 1 (b). The post-peak stress-strain behaviour of the interface is governed by the fracture energy parameters, defined individually for each failure mode, as can be seen in Figure  1 (c). Finally, a non-associated plastic flow with a plastic potential different from the yield function has been introduced for modelling inelastic deformation due to shear. For a detailed description see [1] .
This computational strategy has allowed the analysis of 3D URM structures with arbitrary regular bonding patterns up to collapse, capturing the gradual development of the damage, and the prediction of the structural capacity of the URM components [1, 2, 4].
Domain partitioning
The use of such a mesoscale approach is impractical when analysing large URM structures due to the increased computational cost, as highlighted in [2] . To solve such computational problems, a domain decomposition technique has been applied in order to divide the large problem into smaller problems, corresponding to subdomains of the structure [7, 8] . The smaller problems are solved in parallel and their solution is then assembled to obtain the response of the original domain. In the approach applied with the mesoscale masonry model dual super-elements are used for modelling each separate partition [8] . A super-element consists of the boundary nodes of the individual subdomain, which is modelled using the mesoscale strategy described above. The super-element accounts for a two-way communication of the subdomain with the 'parent structure', which allows the parallelisation of the analysis. The parent structure represents the modelled structural component at the macroscopic scale and consists of the assembly of every subdomain super-element. In this way, the assessment of the damage is done using the detailed mesoscale approach at the small subdomain scale, while at the macroscopic scale only the assembly of boundary nodes is analysed, leading to increased computational efficiency. Further improvement can be achieved when using hierarchic partitioning [7, 3] , where multi-level partitions are used to model large URM components. In the frame of this approach, original child partitions are further subdivided using higher level super-elements employing a similar logic as the above. In Figure 2 an illustrative example of a two-level hierarchic partitioning of a masonry wall is presented. In this case, partitions at level 1 (L1) are children to the level 0 parent structure (L0) and parent to the level 2 (L2) partitions, which actually consist of the mesoscale model parts.
3 Numerical strategy for coupled masonry structures
Mesh tying method
In view of the rising complexity of modelling approaches for individual materials, the task of tying meshes with non-matching interfaces is a problem with large practical interest. Namely, it is necessary when different structural components which were modelled independently with non-conforming meshes are in contact, as in the case of heterogeneous structures mentioned above, or in cases where sub-domains of the monolithic structure modelled with different level of detail need to be joined together -for example in multi-scale approaches where the critical parts are modelled in a finer scale. The main requirement of a mesh tying formulation is to join two generally nonconforming meshes allowing the consistent transmission of stress and strain fields.
Constraint enforcement
For the general setting of the mesh tying problem we consider two deformable bodies Ω (i) ∈ R 3 , i = 1, 2 with boundaries Γ (i) which can be decomposed into three distinct parts:
,with Γ
c denote respectively the regions of the boundary where displacements, stresses and mesh tying constraints are imposed. We consider that the contacting boundaries of the continuous bodies in the initial configuration are coincident Γ
We note that the mesh tying formulation described below is directly applicable considering both small and large deformations. Here, where necessary we will refer to a large deformation framework, as the mesoscale masonry model also accounts for large deformations.
If the sum of the virtual work produced by the internal and the external forces in body
int,ext , then from the principle of virtual work we obtain:
where V = {u ∈ H 1 (Ω)|u = 0 on Γ u } and t c . The tied contact constraint between the continuous bodies Ω (i) , i = 1, 2 imposes that the contacting boundaries remain coincident when the loading is applied. Assuming that initially the boundaries are coincident, the constraint formulated in the initial configuration can be written as follows:
In equation (3)X (2) signifies the material points on Γ
c which correspond to the material points
c in the initial configuration, whileū (2) are the corresponding displacements. In the continuous case the link between X (1) andX (2) is direct, as the interfaces coincide. However, in the discretised bodies the two sides are not necessarily coincident as shown in Fig.3 and pointsX (2) are defined based on a projection method, as discussed below. Constraint (3) has been introduced in the weak form of the global boundary value problem by constructing a two field Lagrangian functional representing the contribution of the tied interface in the potential energy of the system:
where λ ∈ M is an independent variable field of Lagrange multipliers introduced over the contact interface Γ c .
The variation of the Lagrangian functional of equation (4) with respect to the Lagrange multiplier field λ yields the constraint enforcement equation:
while its variation with respect to the displacement field u = {u (1) , u (2) } yields the tied contact contribution to the virtual work:
The choice of a two field formulation was due to the simplicity and robustness of the method compared to primitive formulations, such as the penalty [9] and the Nitsche method [10] . The penalty approach does not guarantee the exact satisfaction of the coupling constraints and it's accuracy depends on the non-physical penalty parameter, while the Nitsche method is efficient mostly in the elastic case. Three field formulations, introducing an independent interface displacement field in addition to the Lagrange multiplier field have also been used in mesh tying with good results [11, 12] , however these formulations increase the number of unknowns and the computational cost, thus they are not suitable for modelling large structural systems.
Mortar discretisation for 2 nd order interpolations
The discretisation of the mesh tying terms in (5) and (6) is not straightforward, due to the fact that the discretised surfaces Γ h and u (2) h along the interface. One rather simple way to address this issue is the imposition of the constraint on selected points of the interface, called collocation points. Despite it's simplicity the nodal collocation approach suffers from certain well-known drawbacks [13] . A more consistent approach for the discretisation of the tied contact contribution has been used, based on the mortar method [14, 15] .
For the triangulation of the displacement fields of the two bodies, second order finite elements with serendipity shape functions are considered, as this will be the case in the applications examined:
The interface displacement fields are defined as the projections of the bulk element displacement fields on Γ
c . The discrete Lagrange multiplier space M h is defined as a set of piecewise polynomial functions over the non-mortar surface, which is chosen as one of the sides of the interface and will be denoted as Γ 
where n λ is the number of non-mortar side nodes that hold Lagrange multiplier unknowns. Taking into account the above discretisations, the coupling terms in (5) and (6) can be written as:
The calculation of the coupling terms in equations (9), (10) involves the integration of quantities referring to both sides of the contact interface over the non-mortar side Γ (1),h c . Obviously, a mapping must be defined to associate the nodes and the integration points between mortar and non-mortar side. For this purpose a closest point projection algorithm has been employed. The projection of the non-mortar points is based on the normal field of the non-mortar side, thus avoiding multiple projections.
Furthermore, an integration scheme must be developed for the calculation of the coupling terms in equations (9), (10) . The polynomial functions to be integrated are generally not continuous within each segment of the integration surface Γ (1),h c , as the quantities inside the integrals refer to both sides of the non-conforming interface. Instead of dividing the non-mortar segments into subdomains with smooth interpolations on both sides, an approximate integration scheme can be used to increase the efficiency of the algorithm. In this the integration is performed on each non-mortar segment, regardless of the continuity of the mortar-side shape functions along the corresponding area. The integration points defined on the non-mortar segment are projected on the mortar side and the calculation of the integral relies on the calculation of the quantities on both sides at each integration point. When the non-mortar side has a finer discretisation than the mortar side -as is the usual practise -and the number of integration points is large, then this integration method is sufficiently accurate.
Coupled structures with non-matching interfaces
The mesh tying method described above allows the tied coupling of dissimilar interfaces and therefore the connection of parts of the structure which are meshed independently. In general, each one of these parts -or structural components -is partitioned in order to increase the computational efficiency of the model. In this case the mortar tying method is used to couple the non-conforming parent structures of the partitioned components on the level 0 structure, as shown in Fig.4 . In order to model the coupling of masonry components with other material meshes in a realistic way, the physical behaviour of the coupling interface must also be considered. For this purpose a layer of non-linear interface elements is attached to the masonry side of the non-conforming interface to account for the frictional interaction. These elements can either belong to the level 0 parent structure or to the highest level children files, as part of the mesoscale masonry model. The latter choice has been adopted in the applications presented below, as the computational cost corresponding to the non-linear interface elements is divided and transferred to the parallel processes.
Numerical examples
The partitioned masonry model and the non-conforming interface coupling scheme have been implemented into ADAPTIC [16] and used in numerical simulations of an arch bridge with infill soil material and of a multi-leaf wall.
Arch bridge
In previous work the partitioned mesoscale modelling approach described in Section 2 has been employed for the analysis of 3D arch bridges with backfill material, providing a realistic representation of the non-linear behaviour of the structure [4] . Bridge models constructed with this tested strategy will be referred to as "conforming". Here, the more efficient modelling approach described in Section 3 is applied for the modelling of a similar structure, in order to investigate: i) the benefits in terms of computational performance when the backfill material is modelled independently with a coarser mesh and ii) the level of accuracy attained when using the non-matching mesh tying method. The models built with this strategy will be referred to as "nonconforming", since the masonry arch and the soil domain are connected through a non-matching interface tied with the mortar method. The geometric characteristics of the investigated bridge are shown in Figure 5 . The arch consists of two rings, each one containing 48 bricks along the circumference and 10 along the width of the bridge. The thickness of the arch is 215mm and the springing angle is 37
• . The main mechanical properties of the masonry and the backfill material are given in Tables 1 and 2 . A distributed loading is applied on the soil along an area of 200 × 2200mm 2 at the level of quarter-span.
Initially, the assumption of rigid spandrel walls is made which allows the simulation of the bridge by a strip model, with one layer of elements along the z direction and restrained transverse displacements to account for the confinement provided by the two rigid lateral walls. A series of non-conforming strip models has been constructed and analysed in the elastic case. All models are partitioned in two domains: i) the arch which is simulated with the detailed mesoscale description and is identical in all models and ii) the backfill material modelled with varying number of 15-noded wedge elements. The parent structure contains the two sides of the arch-soil interface which are tied together with a mortar coupling interface. Finally, 16-noded interface elements accounting for the physical interaction between the arch and the backfill material are defined in the arch partition, as described in Section 3. Each model is characterised by the number of soil elements along the coupling interface, (e.g. model 'non-conf-10' contains 10 soil element faces along the arch-soil interface).
Elastic modulus Poisson's ratio Frictional angle
Cohesion Table 2 : Mechanical properties of masonry. Table 3 summarises the computational performance of the different non-conforming strip models with respect to the conforming case, also visualised in Figure 6 (a). All the results refer to a 10-step elastic analysis using three processors. The backfill material has been modelled with a linear elastic constitutive model. The speed-up S% is calculated by S% = 100 * (T c − T nc )/T c , where T c , T nc are the analysis time of Table 3 : Number of degrees of freedom (DOFs) and speed-up for strip models.
the conforming and the non-conforming model respectively. Significant speed-up is observed for all the non-confroming models. In order to examine the accuracy of the new strategy, the structural behaviour obtained by the non-conforming strip models has been compared to the results obtained by a conforming strip model with the same geometry, which represents the real behaviour of the structure with sufficient accuracy, as demonstrated in [4] . In Figure 7 the stress distribution in the arch and the backfill material is visualised for the coarsest soil mesh employed, for an average soil mesh and for the conforming case. As the soil mesh is refined the %difference of the limit values of the stress fields obtained with the non-conforming models with respect to the conforming case reduces. However, it is obvious that even with a coarse soil mesh the stress field is practically unchanged and the relatively large %difference in the limit values only concerns localised areas of high stress concentration. Furthermore, examining the external force-displacement diagrams in Figure 6 (b) -where u y refers to the vertical displacement at quarter spanit is evident that the global response is practically identical in the conforming and the non-conforming case. Based on the results of the elastic analysis, the model 'non-conf-15' has been chosen for the optimal combination of accuracy and speed-up and has been analysed employing non-linear material properties. In this case a rounded hyperbolic MohrCoulomb constitutive model has been employed for the simulation of the backfill material [4] . Figure 8 shows the global response of the non-conforming model, in comparison to the response of the conforming one. The wall-clock time of the analysis in each case is also reported. As demonstrated, an almost identical response is obtained with 58% speed-up. Figure 9 demonstrates the evolution of the plastic work in the arch interfaces. The results reveal the development of a 4-hinge mechanism as the predominant failure mode. In addition, the interfaces between the arch rings develop significant plastic work due to shear, suggesting the simultaneous development of ring separation. Finally, gradually propagating sliding appears in the interface between the arch and the soil.
Subsequently, the efficiency of the proposed strategy has been examined in a larger scale, with the analysis of full 3D models of the bridge including the lateral walls, which are modelled with 15-noded elastic elements of high stiffness. The meshes of the lateral walls and backfill material are continuous, meaning that the physical behaviour of the interface is ignored. Figure 6 shows that the speed-up achieved with the independent modelling of the backfill material compared to the 3Dconforming total external force F y -vertical displacement at quarter-span u y . model is between 65 − 70%, while the elastic response is identical. It is noted that the response of the full3D model is stiffer than the strip model, as can be observed in Figure 6 (b), due to the contribution of the lateral walls to the stiffness of the structure in the vertical direction. Evidently, the realistic modelling of the interaction between the soil and the lateral walls is crucial for the understanding of the behaviour of the structure. Given the identical elastic response between conforming and non-conforming models, the '3Dnon-15x6' model is employed for the nonlinear analysis of the 3D bridge. It is important to note that a conforming model of this scale entails prohibitive computational cost. The results of the nonlinear analysis are shown in Figures 11, 12 . The development of circumferential cracks in the arch in parallel to the radial cracks is observed. The distribution of the plastic deformations in the soil is similar to the strip model in the central region. However, close to the lateral walls, the soil is in tension, due to the continuity between the meshes of the soil and the walls. This is not representative of reality, as the existence of the frictional interface is ignored. The tension developed in this region results in the increased sliding in the interfaces between the lateral walls and the arch, observed in Figure 11 
Multi-leaf wall
A second example, which demonstrates the flexibility of the proposed computational strategy for the modelling of complex coupled structures, is the analysis of a multileaf wall which consists of two external brick-block masonry panels surrounding a layer of infill soil material. The masonry panels have been modelled with a mesoscale description, while the infill soil material has been modelled independently with 15-noded wedge elements. The height of the wall is 2.0m, the width 1.6m and the thickness 0.2+0.1+0.2m. The structure has been analysed under in-plane and out-of-plane loading, employing non-linear material properties. Figures 13-14 present the failure mode of the multi-leaf wall under in-plane loading. The nodes at the top and bottom level of the structure have been restraint in all three directions. An initial downwards displacement of 0.5mm has been applied at the top nodes followed by a horizontal displacement which increases until failure is reached. At this level large diagonal cracks and less prominent horizontal cracks at the corners of the diagonal are observed in the masonry panels. The infill material develops plastic deformations mainly in the central region and the corners. Figure 14(b) presents the global response of the structure for a coarse and a fine soil mesh. It is obvious that the response is practically identical regardless of the soil discretisation.
Figures 15-16 present the response of the multi-leaf wall under out-of-plane loading. In this case, every side of the wall frame has been fixed and an initial downwards displacement of 0.5mm has been applied at the top nodes. A distributed force load has then been applied over the back face pointing towards the wall. The front wall develops vertical cracking mainly in the central region, while the predominant cracks of the back wall -which are also vertical -are observed close to the fixed sides of the wall. Finally, the soil, which is confined and transfers the load between the two walls, develops plastic deformations of moderate magnitude around the central region of the wall. 
Conclusion
This paper proposes an advanced partitioned mesoscale strategy for coupled structures with masonry components, which allows the independent modelling of each structural component. A 3D non-conforming mesh tying method is employed for the coupling of the individual meshes, while the physical behaviour of the coupling interfaces is modelled with zero thickness cohesive interface elements. As demonstrated by the numerical examples, this approach offers important flexibility in the modelling of each part of the structure, resulting in optimised computational performance, while it assures high accuracy in the transmission of the displacement and stress fields.
